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Abstract
Motivated by the work of Dong et al. [Associative subalgebras of Griess algebra and related
topics, in: J. Ferrar, K. Harada (Eds.), Proc. Conf. Monster and Lie Algebras, de Gruyter, Berlin,
1998], we study a decomposition of the lattice vertex operator algebra V√2Al as a direct sum
of irreducible modules of a certain tensor product of Virasoro vertex operator algebras and a
parafermion algebra Wl+1(2l/(l + 3)). We find that the vertex operator algebra V√2Al contains
a subalgebra isomorphic to a parafermion algebra Wl+1(2l/(l + 3)) of central charge 2l/(l + 3).
A complete decomposition of the vertex operator algebra V√2Al as a direct sum of irreducible
modules ofW = L(c1,0)⊗L(c2,0)⊗ · · · ⊗L(cl,0)⊗Wl+1(2l/(l+ 3)), where ci , i = 1, . . . , l, is
given by the discrete series ci = 1− 6/(i + 2)(i + 3), is also obtained.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
A conformal vector with central charge c in a vertex operator algebra is an element of
weight two whose component operators satisfy the Virasoro algebra relation with central
charge c. Then the vertex operator subalgebra generated by the vector is isomorphic to
a highest weight module for the Virasoro algebra with central charge c and highest weight 0
(cf. [18]).
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algebra [9], a class of conformal vectors in the lattice vertex operator algebra V√2Al were
studied and constructed in [3], where
√
2Al denotes
√
2 times an ordinary root lattice
of type Al . It was shown in [3] that the Virasoro element ω of V√2Al is decomposed
into a sum of l + 1 mutually orthogonal conformal vectors ωi , 1  i  l + 1, with
central charge ci = 1 − 6/(i + 2)(i + 3) for 1  i  l and cl+1 = 2l/(l + 3). The vertex
operator subalgebra generated by conformal vector ωi is exactly the irreducible highest
weight module L(ci,0) for the Virasoro algebra. The vertex operator subalgebra T = Tl
generated by these conformal vectors is isomorphic to a tensor product
⊗l+1
i=1 L(ci,0) of
the Virasoro vertex operator algebras L(ci,0) and V√2Al is a direct sum of irreducible
T -submodules. For l = 2 and 3, the direct summands have been determined completely in
[1,15]. However, only the direct summands with minimal weights at most two are known
for general l [22].
The main difficulty for obtaining the complete decomposition of V√2Al is that the vertex
operator algebra L(cl+1,0) is not rational because the central charge cl+1 = 2l/(l + 3)
is not a member of the minimal series (cf. [21]). Thus, the decomposition of V√2Al
as a direct sum of T -modules is an infinite sum. Nevertheless, it has already noted by
Dong et al. [3] that the central charge cl+1 = 2l/(l + 3) is also the central charge of the
parafermion algebra constructed in [23] (see also [2]). In this paper, we actually find a
vertex operator subalgebra W(0) contained in V√2Al which is isomorphic to a parafermion
algebra Wl+1(cl+1) of central charge cl+1 constructed in [2,23]. We also obtain a complete
decomposition of V√2Al into a direct sum of irreducible modules of
W = L(c1,0)⊗ · · · ⊗L(cl,0)⊗Wl+1(cl+1).
The main idea for the decomposition is to embed the lattice
√
2Al into the lattice A1l+1,
where A1l+1 is an orthogonal sum of l + 1 copies of the root lattice A1. Then by using the
famous GKO construction for unitary Virasoro vertex operator algebras and a construction
of the parafermion algebra given in [2], we are able to decompose V√2Al into a direct sum
of irreducibleW-modules.
We should mention that there are many interesting vertex operator subalgebras
contained in V√2Al [12,15,17]. Moreover, the decomposition of V√2Al is found to be useful
for studying some properties of the Moonshine vertex operator algebra and the Monster
simple group [11,13,14,19].
The organization of this article is as follows. In Section 2, we review the construction
of certain conformal vectors in V√2Al from [3]. In Section 3, we discuss the famous
GKO construction (or coset construction) for unitary Virasoro vertex operator algebras
(cf. [8,10]). In Section 4, we study an embedding of √2Al into the lattice A1l+1. We also
show that the construction of Dong et al. [3] agrees with the GKO construction. Then by
using a construction of the parafermion algebra from [2], we show that V√2Al contains a
subalgebra isomorphic to W and obtain a complete decomposition of V√2Al as a direct
sum of irreducibleW-modules.
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In this section, we review the construction of certain conformal vectors in V√2R
from [3], where R is a root lattice of type Al , Dl , or El .
Let Φ be the root system of R and Φ+ and Φ− the set of all positive roots and negative
roots, respectively. Then
Φ =Φ+ ∪Φ− =Φ+ ∪ (−Φ+).
Consider a chain of root systems
Φ =Φl ⊃Φl−1 ⊃ · · · ⊃Φ1
such that Φi is a root system of type Ai , Di , or Ei . For any i = 1,2, . . . , l, define
si = 1
2(hi + 2)
∑
α∈Φ+i
(
α(−1)21 − 2(e√2α + e−√2α))
and
ω= 1
2hl
∑
α∈Φ+l
α(−1)21,
where hi is the Coxeter number of Φi .
It was shown by Dong et al. [3] that the elements
ω1 = s1, ωi = si − si−1, 2 i  l, ωl+1 = ω− sl (2.1)
are mutually orthogonal conformal vectors in V√2R . The subalgebra Vir(ω
i) of the vertex
operator algebra V√2R generated by ω
i is isomorphic to the Virasoro vertex operator
algebraL(c(ωi),0)which is the irreducible highest weight module for the Virasoro algebra
with central charge c(ωi) and highest weight 0. Since ω1,ω2, . . . ,ωl+1 are mutually
orthogonal, the subalgebra T of V√2R generated by these conformal vectors is a tensor
product of Vir(ωi)’s, namely,
T = Vir(ω1)⊗ · · · ⊗Vir(ωl+1)∼= L(c(ω1),0)⊗ · · · ⊗L(c(ωl+1),0).
Moreover, V√2R is completely reducible as a T -module.
In this paper, we shall consider the chain
Φl ⊃Φl−1 ⊃ · · · ⊃Φ1,
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si = 1
2(i + 3)
∑
α∈Φ+i
(
α(−1)21− 2(e√2α + e−√2α))
and
ω= 1
2(l + 1)
∑
α∈Φ+l
α(−1)21.
Moreover, the central charges c(ωi) of ωi are given by
c
(
ωi
)= 1 − 6
(i + 2)(i + 3) for 1 i  l, and c
(
ωl+1
)= 2l
l + 3 .
Remark 2.1. We shall note that the central charge 2l/(l + 3) corresponds to the central
charge of the parafermion algebra constructed in [23] (see also [2]). We shall show in
Section 3 that V√2Al actually contains a subalgebra isomorphic to the parafermion algebra
Wl+1(2l/(l + 3)).
3. GKO construction of unitary Virasoro vertex operator algebras
In this section, we review the famous GKO construction for unitary Virasoro vertex
operator algebras. Moreover, we shall study the decomposition of the lattice vertex operator
algebra VA1l+1 as a direct sum of irreducible modules of the algebra
L(c1,0)⊗L(c2,0)⊗ · · · ⊗L(cl,0)⊗L(l + 1,0),
where ci = 1 − 6/(i + 2)(i + 3) and L(l + 1,0) is the simple vertex operator algebra
associated with the irreducible highest weight module of the affine Lie algebra of type
A
(1)
1 with level l + 1 (cf. [7]).
Let g be the Lie algebra sl2(C) with generators e, f , α such that [e, f ] = α, [α, e] = 2e,
[α,f ] = −2f . We use the standard invariant bilinear form on sl2 defined by 〈α,α〉 = 2,
〈e, f 〉 = 1, and 〈e, e〉 = 〈f,f 〉 = 〈α, e〉 = 〈α,f 〉 = 0. Let gˆ = sl2(C) ⊗ C[t, t−1] ⊕
Cc⊕Cd be the corresponding affine Lie algebra of type A(1)1 . For any gˆ-module M , x ∈ g,
and m ∈ Z, we denote the action of x ⊗ tm on M by x(m). We shall also identify g⊗ t0
with g. Then the fundamental weights for gˆ are Λ0 = d ,Λ1 = d+(1/2)α and the dominant
integral weights of gˆ for which d vanishes are given by
P+ =
{
(m− j)Λ0 + jΛ1 =md + 12jα
∣∣m ∈ Z+, j ∈ Z+ ∪ {0}, j m}.
Let L(m, j) = L((m − j)Λ0 + jΛ1) be the irreducible highest weight module of gˆ of
weight (m − j)Λ0 + jΛ1 ∈ P+. It was proved by Frenkel and Zhu [7] that L(m,0) are
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inequivalent irreducible L(m,0)-modules.
By Sugawara construction,L(m, j) has a natural Virasoro action given by the operators
L
g
k =
1
2(m+ 2)
∑
j∈Z
( 1
2 : α(−j)α(k + j) : + : e(−j)f (k + j) : + : f (−j)e(k+ j) :
)
with central charge 3m/(m+ 2), where : : denotes the normal ordered product.
Let L(Λ) and L(Λ′) be two integrable highest weight representations of gˆ with level 1
and m, respectively. Then gˆ⊕ gˆ acts on the tensor product L(Λ)⊗L(Λ′) by(
x(m)⊕ y(n))(v⊗w)= (x(m)v)⊗w+ v⊗ (y(n)w),
for any x(n), y(m) ∈ gˆ, and v ⊗ w ∈ L(Λ) ⊗ L(Λ′). Now let Lpk = Lgk ⊗ 1 + 1 ⊗ Lgk
be an operator on L(Λ)⊗ L(Λ′). Then Lpk , k ∈ Z, form a representation of the Virasoro
algebra with central charge 1 + 3m/(m+ 2) on L(Λ)⊗L(Λ′). On the other hand, gˆ acts
on L(Λ)⊗L(Λ′) by the diagonal action
x(n)(v⊗w)= (x(n)v)⊗w+ v⊗ (x(n)w),
for any x(n) ∈ gˆ and v ⊗ w ∈ L(Λ)⊗ L(Λ′). This gives a level m+ 1 representation of
gˆ and the Sugawara operators Lgk form a Virasoro algebra on L(Λ)⊗ L(Λ′) with central
charge 3(m+ 1)/(m+ 3). Let Lk = Lpk −Lgk . It is well known (cf. [8,10]) that Lk , k ∈ Z,
commute with the diagonal Virasoro operators Lgn for all n ∈ Z and they give rise to a
representation of the Virasoro algebra Vir =⊕n∈ZCLn ⊕ Cc on L(Λ) ⊗ L(Λ′) with
central charge
c= cm = 1+ 3m
(m+ 2) −
3(m+ 1)
(m+ 3) = 1−
6
(m+ 2)(m+ 3) .
Moreover, L(Λ)⊗L(Λ′) is completely reducible as a module of gˆ⊕ Vir.
By using the theory of character, the explicit decomposition of L(Λ) ⊗ L(Λ′) as
a gˆ⊕ Vir-module is known [8,10,20]. It is given by
L(m,n)⊗L(1, %)=
⊕
0sn
s≡n+%mod 2
L
(
cm,h
m
n+1,s+1
)⊗L(m+ 1, s)
⊕
⊕
n+1sm+1
s≡n+%mod 2
L
(
cm,h
m
m−n+1,m+2−s
)⊗L(m+ 1, s)
=
⊕
0sm+1
L
(
cm,h
m
n+1,s+1
)⊗L(m+ 1, s), (3.1)
s≡n+%mod 2
C.H. Lam, H. Yamada / Journal of Algebra 272 (2004) 614–624 619for any % = 0,1, and 0 nm, where
hmr,s =
[r(m+ 3)− s(m+ 2)]2 − 1
4(m+ 2)(m+ 3)
for 1 r m+ 1 and 1 s m+ 2. Note that hmr,s = hmm+2−r,m+3−s and{
L
(
cm,h
m
r,s
) ∣∣ r, s ∈ Z and 1 s  r m+ 1}
is the set of all irreducible modules for the vertex operator algebra L(cm,0) (cf. [4,21]).
Now, let A1 = Zα with 〈α,α〉 = 2 be the root lattice of type A1 and VA1 the lattice VOA
associated with A1. Let
A∗1 = {x ∈Q⊗Z A1 | 〈x,α〉 ∈ Z}
be the dual lattice ofA1. ThenA∗1 =A1∪((1/2)α+A1). It is well know that the irreducible
VA1 -modules VA1 and V(1/2)α+A1 are both level 1 representations of ŝl2(C) (cf. [2,6]). In
fact, VA1 ∼= L(1,0) and V(1/2)α+A1 ∼= L(1,1). Let A1m+1 = Zα0 ⊕ Zα1 ⊕ · · · ⊕ Zαm be
the orthogonal sum of m+ 1 copies of A1 and VA1m+1 the lattice vertex operator algebra
associated with the lattice A1m+1. Then we have
VA1m+1
∼= VA1 ⊗ · · · ⊗ VA1 ∼= L(1,0)⊗ · · · ⊗L(1,0)
as a vertex operator algebra and
Vγa+A1m+1
∼= L(1, a0)⊗ · · · ⊗L(1, am)
as a module of L(1,0) ⊗ · · · ⊗ L(1,0), where a = (a0, a1, . . . , am) ∈ {0,1}m+1 and
γa = (1/2)∑mi=0 aiαi .
For each 1  j m+ 1, let Hj = α0(−1)1 + · · · + αj (−1)1, Ej = eα0 + · · · + eαj ,
and Fj = e−α0 + · · · + e−αj . Then spanC{Hj,Ej ,F j } forms a simple Lie algebra sl2(C)
inside the weight one space of VA1m+1 under the 0th product, i.e., [x, y] = x0y for x, y ∈
(VA1m+1)1. It is shown in [2,6] that {Hj,Ej ,F j } generates a simple VOA L(j + 1,0) of
level j + 1 and that the Virasoro elements of L(j + 1,0) are given by
Ωj = 1
2(j + 3)
(
1
2
H
j
−1H
j +Ej−1Fj + Fj−1Ej
)
= 1
2(j + 3)
{
3
2
j∑
p=0
αp(−1)21+ 1
2
∑
0p,qj
p =q
αp(−1)αq(−1)1+ 2
∑
0p,qj
p =q
eα
p−αq
}
and the central charges of Ωj is 3(j + 1)/(j + 3). On the other hand, the Virasoro element
of the lattice subVOA VZαj ( ∼= VA1) is given by (1/4)αj (−1)21. By using the GKO
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subVOA L(cj ,0) with central charge cj = 1 − 6/(j + 2)(j + 3). Thus, by induction, we
know that the VOA VA1m+1 contains a subVOA isomorphic to
U = L(c1,0)⊗L(c2,0)⊗ · · · ⊗L(cm,0)⊗L(m+ 1,0).
Moreover, we have the following decomposition.
Lemma 3.1 (cf. [10,16,20]). For a = (a0, a1, . . . , am) ∈ {0,1}m+1, define bj =∑ji=0 ai .
Then
Vγa+A1m+1
∼=
⊕
0kjj+1,
j=0,...,l
kj≡bj mod 2
L
(
c1, h
1
k0+1,k1+1
)⊗ · · · ⊗L(cm,hmkm−1+1,km+1)⊗L(m+ 1, km)
as a U -module.
4. Embedding of
√
2Al into A1l+1
In this section, we shall discuss an embedding of
√
2Al into A1l+1. Then by comparing
the GKO construction and the construction of conformal vectors given in [3], we obtain a
decomposition of
√
2Al as a direct sum of L(c1,0)⊗ · · · ⊗ L(cl,0)⊗Wl+1(2l/(l + 3))-
modules.
Let L = Zα0 ⊕ Zα1 ⊕ · · · ⊕ Zαl be the orthogonal sum of l + 1 copies of A1.
That means 〈αi ,αj 〉 = 2δi,j for any i, j = 0, . . . , l. Let γ = α0 + α1 + · · · + αl and
N = spanZ{−α0 + α1, . . . ,−αl−1 + αl}. Then N is isomorphic to
√
2Al and F = Zγ
is a rank one lattice with 〈γ, γ 〉 = 2(l + 1). Note also that N is orthogonal to F and
L=
l+1⋃
i=1
(
iα1 +N ⊕ F ). (4.1)
By GKO construction, we obtain a set of conformal vectors
Ωj = 1
2(j + 3)
{
3
2
j∑
p=0
αp(−1)21+ 1
2
∑
0p,qj
p =q
αp(−1)αq(−1)1+ 2
∑
0p,qj
p =q
eα
p−αq
}
and
ω˜j = 1αj (−1)21+Ωj−1 −Ωj
4
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ω˜l+1 =Ωl − 1
4(l + 1)γ (−1)
2(−1)21.
Note that (1/4(l + 1))γ (−1)21 is the Virasoro element of the VOA VF and ω˜l+1 is a con-
formal vector of central charge 2l/(l + 3) (= 3(l + 1)/(l + 3)− 1).
On the other hand, by using the construction of Dong et al. [3] on VN , we obtain another
l + 1 conformal vectors ω1, . . . ,ωl+1 and the central charge c(ωj ) of ωj is equal to the
central charge c(ω˜j ) of ω˜j for all j = 1,2, . . . , l + 1. Moreover, we have
Lemma 4.1. For any j = 1, . . . , l + 1, ωj = ω˜j .
Proof. Recall that
N = spanZ
{−α0 + α1,−α1 + α2, . . . ,−αl−1 + αl}∼=√2Al.
Let Φ+j = {(1/
√
2)(−αp + αq) | 0  p < q  j }. Then Φ+j is the set of all positive
roots of the root lattice Aj . By the construction of [3], we have
sj = 1
2(j + 3)
∑
α∈Φ+j
(
α(−1)21 − 2(e√2α + e−√2α))
= 1
2(j + 3)
∑
0p<qj
(
1
2
(−αp + αq)(−1)21− 2(e−αp+αq + eαp−αq ))
for j = 1, . . . , l and
ωl+1 = 1
2(l + 1)
∑
0p<ql
1
2
(−αp + αq)(−1)21
− 1
2(l + 3)
∑
0p<ql
(
1
2
(−αp + αq)(−1)21 − 2(e−αp+αq + eαp−αq ))
= 1
2(l + 3)(l + 1)
∑
0p<ql
(−αp + αq)(−1)21
+ 1
(l + 3)
∑
0p<ql
(
e−αp+αq + eαp−αq ).
Now let s˜j =∑j ω˜i . Theni=1
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4
j∑
i=0
αi(−1)21 −Ωj
= 1
4
j∑
i=0
αi(−1)21
− 1
2(j + 3)
{
3
2
j∑
p=0
αp(−1)21 + 1
2
∑
0p,qj
p =q
αp(−1)αq(−1)1+ 2
∑
0p,qj
p =q
eα
p−αq
}
= 1
2(j + 3)
{
j
2
j∑
p=0
αp(−1)21 − 1
2
∑
0p,qj
p =q
αp(−1)αq(−1)1− 2
∑
0p,qj
p =q
eα
p−αq
}
= 1
2(j + 3)
∑
0p<qj
(
1
2
(−αp + αq)(−1)21− 2(e−αp+αq + eαp−αq )).
Hence, we have s˜j = sj for all j = 1, . . . , l and thus ω˜j = ωj for j = 1, . . . , l.
For j = l + 1,
ω˜l+1 =Ωl − 1
4(l + 1)γ (−1)
2
= 1
2(l+ 3)
{
3
2
l∑
p=0
αp(−1)21+ 1
2
∑
0p,ql
p =q
αp(−1)αq(−1)1+ 2
∑
0p,ql
p =q
eα
p−αq
}
− 1
4(l+ 1)
(
α0 + · · · + αl)(−1)21
= 1
2(l+ 3)(l + 1)
{
l
l∑
p=0
αp(−1)21 −
∑
0p,ql
p =q
αp(−1)αq(−1)1
}
+ 1
l + 3
∑
0p,ql
p =q
eα
p−αq
= 1
2(l+ 3)(l + 1)
∑
0p<ql
(−αp + αq)(−1)2 + 1
l + 3
∑
0p<ql
(
e−αp+αq + eαp−αq )
= ωl+1.
Hence, we have the desired result. ✷
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· · ·+ eαl , and F l = e−α0 + · · ·+ e−αl generate a simple VOA L(l+ 1,0) inside VL, which
corresponds to the irreducible highest weight module of ŝl2(C) of level l + 1 and highest
weight 0. Note that Hl = γ (−1)1 is in L(l + 1,0). Moreover,
[(
eα
0 + · · · + eαl )−1]l(eα0 + · · · + eαl)= (l + 1)! eα0+···+αl = (l + 1)! eγ .
Thus, eγ ∈ L(l + 1,0) and similarly e−γ ∈ L(l + 1,0). Therefore, we may consider
VF = VZγ as a subalgebra of L(l + 1,0). Now, let us define
W =W(0)= {v ∈L(l + 1,0) | unv = 0 for all u ∈ VF and n 0} and
W(k)= {v ∈L(l + 1, k) | unv = 0 for all u ∈ VF and n 0}
for any k = 0,1, . . . , l + 1. Then W(0) is itself a vertex operator algebra and W(k),
k = 0,1, . . . , l + 1, are W(0)-modules.
Since
L=
l⋃
i=0
{
iα1 + (N ⊕ F)},
it is clear that VN = {v ∈ VL | unv = 0 for all u ∈ VF and n 0}. Thus, by Lemma 3.1, we
have
Theorem 4.2. As a module of L(c1,0)⊗ · · · ⊗L(cl,0)⊗W(0),
V√2Al
∼= VN ∼=
⊕
0kjj+1
j=0,...,l
kj≡0 mod2
L
(
c1, h
1
k0+1,k1+1
)⊗ · · · ⊗L(cl, hlkl−1+1,kl+1)⊗W(kl). (4.2)
Remark 4.3.
(1) Note that our algebra W is the same as (ΩAL(l+1,0))0 in [2, Chapter 14] with A= 〈eγ 〉
and G = Z/(l + 1)Z, which is also the parafermion algebra constructed in [23].
Moreover, W(k) is the same as (ΩAL(l+1,k))
0 in [2] and is an irreducible W(0)-module
for k = 0, . . . , l + 1.
(2) It is well known that the parafermion algebra Wl+1(2l/(l + 3)) processes a Zl+1-
symmetry (cf. [2,5,23]). We actually believe that the famous Moonshine VOA V 5
contains some subalgebras isomorphic to Wl+1(2l/(l + 3)) and the Zl+1-symmetry
of Wl+1(2l/(l + 3)) can be extended to certain automorphisms of V 5 if l divides 24.
This is in fact our main motivation for the present work.
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